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Classical setting for the neural network

Choose w to fit the training database D
Do a gradient descent on the w to minimise the network loss:
LN(w ,D) = −ln Pr(D|w) = −

∑
(x ,y)∈D ln Pr(y |x ,w)

Use w∗ to predict Pr(D′|w∗)

To avoid overfitting
Early stopping
Addition of a regularisation term to the loss function

L1 regularisation: λN1(w)

L2 regularisation: λN2(w)

Unsupervised pretraining
Dropout
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Bayesian setting for a neural network

Pr(w |D, α)︸ ︷︷ ︸
Posterior distribution

=

Likelihood︷ ︸︸ ︷
Pr(D|w)

Prior︷ ︸︸ ︷
P(w |α)∫

w ′
Pr(D|w ′)P(w ′|α)︸ ︷︷ ︸
Partition function

Problem: The partition function is too complex to compute
analytically or to sample from
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Variational inference

Variational inference uses a simpler distribution Q(w |
︷︸︸︷
β ) to

approximate Pr(w |D, α)

Minimize:
w

F = −
〈
ln
(Pr(D|w)P(w |α)

Q(w |β)

)〉
w∼Q(w |β)

F =
〈
− ln(Pr(D|w))

〉
w∼Q(w |β)

+
〈
− ln

(
P(w |α)
Q(w |β)

)〉
w∼Q(w |β)

F︸︷︷︸
Loss Function

=
〈
LN(w ,D)

〉
w∼Q(w |β)︸ ︷︷ ︸

Error Loss

+ DKL(Q(.|β)||P(.|α))︸ ︷︷ ︸
Complexity Loss

L(α, β,D) = LE (β,D) + LC (α, β)
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How to use L(α, β,D)

1 Choose a class of distribution for Q(.|β)

2 Choose the prior α
3 Calculate the partial dervatives of the L(α, β,D) w.r.t βi

Analytically for the simple cases
or
Numerically using Monte Carlo sampling

4 Update βi

In the next, we only considere diagonal posterior
Q(w |β) =

∏W
i=1 qi (wi |βi ) meaning that each wi is sampled from

qi (.|βi ).
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If Q(.|β) is a delta distribution: βi = wi

LE (β,D) =
〈
− ln(Pr(D|w))

〉
w∼Q(w |β)

= − ln(Pr(D|w))

LC (α, β) =
〈
− ln

(P(w |α)

Q(w |β)

)〉
w∼Q(w |β)

= − lnP(w |α) + C

If the prior is a uniform distribution:

∂LC (α, β)

∂wi
= 0

Uniform prior ⇒ cost function: negative log-likelihood
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LC (α, β) =
〈
− ln

(P(w |α)

Q(w |β)
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w∼Q(w |β)

= − lnP(w |α) + C

if the prior is a Gaussian distribution, α = {µ, σ2}:

P(w |α) =
W∏
i=1

1√
2πσ2

exp(−(wi − µ)2

2σ2 )

∂LC (α, β)

∂wi
=

wi − µ
σ2

µ = 0, σ2 fixed ⇒ L2 regularisation
Optimal prior α̂ = (w̄ , 1

W
∑W

i=1(wi − µ̂)2)
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If Q(.|β) is a gaussian distribution: βi = (µi , σ
2
i )

LE (β,D) =
〈
LN(w ,D)

〉
w∼Q(w |β)

≈ − 1
S

S∑
k=1

LN(w (k),D)

∂LE (β,D)

∂µi
≈ − 1

S

S∑
k=1

∂LN(w (k),D)

∂wi

∂LE (β,D)

∂σ2
i

≈ − 1
2S

S∑
k=1

[
∂LN(w (k),D)

∂wi

]2
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... and the prior is a gaussian distribution, α = {µ, σ2}

LC (α, β) =
W∑
i=1

ln
σ

σi
+

1
2σ2

[
(µi − µ)2 + σ2

i − σ2]

∂LC (α, β)

∂µi
=
µi − µ
σ2 ,

∂LC (α, β))

∂σ2
i

=
1
2

[
1
σ2 −

1
σ2

i

]
Optimal prior α̂ =

(
1
W
∑W

i=1 µi ,
1
W
∑W

i=1
[
σ2

i + (µi − µ̂)2])

Basile Mayeur GT-Deepnet: October, 2014 Practical Variational Inference for Neural Network 9 / 13



... and the prior is a gaussian distribution, α = {µ, σ2}

LC (α, β) =
W∑
i=1

ln
σ

σi
+

1
2σ2

[
(µi − µ)2 + σ2

i − σ2]
∂LC (α, β)

∂µi
=
µi − µ
σ2 ,

∂LC (α, β))

∂σ2
i

=
1
2

[
1
σ2 −

1
σ2

i

]

Optimal prior α̂ =
(

1
W
∑W

i=1 µi ,
1
W
∑W

i=1
[
σ2

i + (µi − µ̂)2])

Basile Mayeur GT-Deepnet: October, 2014 Practical Variational Inference for Neural Network 9 / 13



... and the prior is a gaussian distribution, α = {µ, σ2}

LC (α, β) =
W∑
i=1

ln
σ

σi
+

1
2σ2

[
(µi − µ)2 + σ2

i − σ2]
∂LC (α, β)

∂µi
=
µi − µ
σ2 ,

∂LC (α, β))

∂σ2
i

=
1
2

[
1
σ2 −

1
σ2

i

]
Optimal prior α̂ =

(
1
W
∑W

i=1 µi ,
1
W
∑W

i=1
[
σ2

i + (µi − µ̂)2])

Basile Mayeur GT-Deepnet: October, 2014 Practical Variational Inference for Neural Network 9 / 13



In practice

For the learning

Choose the type of distribution Q(., β)
Initialise β
Choose the type of the priors
loop
Compute the optimal prior α̂ from β
w ∼ Q(.|β)
Take (x , y) from the training base
∀k , compute ∂L(α̂,β,(x ,y))

∂βk
Update β

end loop

For the prediction
∀i ,wi =< wi >wi∼q(.|βi∗ )
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Experimentation on the TIMIT database
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Main contributions of the article

Apply the Bayesian model associated to the variational
inference to generalize the common loss functions of the
neural network
Find a practical way to apply variational inference on the
posterior using the Monte-Carlo sampling
The neural network doesn’t overfit with the gaussian posterior
loss function
Obtain state of the art performance for a shallow recurrent
neural net on the TIMIT database
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Annexe: If Q(.|β) is a delta distribution: βi = wi

LE (β,D) =
〈
− ln(Pr(D|w))

〉
w∼Q(w |β)

= − ln(Pr(D|w))

LC (α, β)) =
〈
− ln

(P(w |α)

Q(w |β)

)〉
w∼Q(w |β)

= − lnP(w |α) + C

if the prior is a Laplace distribution, α = {µ, b}:

P(w |α) =
W∏
i=1

1
2b

exp(−|wi − µ|
b

)

∂LC (α, β))

∂wi
=

sgn(wi − µ)

b

µ = 0, b fixed ⇒ L1 regularisation
Optimal prior α̂ = (median(w), 1

W
∑W

i=1 |wi − µ̂|)
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